stichting

mathematisch

centrum MC
DEPARTMENT OF OPERATIONS RESEARCH BW 60/76 FEBRUARY

P.J. SCHWEITZER & A. FEDERGRUEN

THE FUNCTIONAL EQUATIONS OF UNDISCOUNTED
MARKOV RENEWAL PROGRAMMING

Prepublication

2e boerhaavestraat 49 amsterdam

BIBLIOTHEEK MATHEMATISCH CENTRUM

AMSTERDAM ——




Printed at the Mathematical Centre, 49, 2e Boerhaavestraat, Amsterdam.

The Mathematical Centre, founded the 11-th of February 1946, is a non-
profit institution aiming at the promoiion of pure mathematics and its
applications. 1t is sponsored by the Netherlands Govermment through the
Netherlands Onganization for the Advancement of Pure Research (Z.W.0),
by the Municipality of Amsterdam, by the University of Amsterdam, by
the Free University at Amsterdam, and by industries.

3(MOS) subject classification scheme (1970): 90C45




%)

The Functional Equations of Undiscounted Markov Renewal Programming
by

P.J. Schweitzer & A. Federgruen

ABSTRACT

This paper investigates the solutions to the functional equations that
arise a.o. in the Undiscounted Markov Renewal Programming. We show that the
solution set is a connected, though non-convex set whose members are unique
up to n* constants, characterize n" and show that these n" degrees of free-
dom are locally rather than globally independent.

Our results generalize those obtained in ROMANOVSKY [15] where another
approach is followed for a special class of discrete time Markov Decision
Processes.

Basically our methods involve the set of randomized policies. We first
study the sets of pure and randomized maximal-gain policies, as well as the

set of states that are recurrent under some maximal-gain policy.

KEY WORDS & PHRASES: Markov Renewal Programs, average return optimality,

functional equations, fixed points

This paper is not for review; it is meant for publication elsewhere.







I. INTRODUCTION

This paper investigates the solutions (g,v) to the 2N functional equa-

tions:
¥k
(1.1) g, = max E Pi.g., v=1,...,N
keK(i) j=1 *33
N N
(1.2) v, = max [q? - z H?.g. + X P?.v.], v=1,...,N,
keL(i) * j=1 Y3 5= B3
where
N k
L(i) = {k e K(i) | g; = _E Pijgj}'
=1
. . . . k k _k . .
The K(i) are given finite sets and the qi’Pij’Hij are given arrays with
k .k .. N _k _ k _ .k .
Pij,Hij > 0 for all i,j,k; 2j=l Pij =1 and 25=1 Hyy =15 > 0, for all i,k.
Also we assume property P to be stated below.
k k _k k k

éij’ the
functional equations arise in Markov Decision Theory with & = {1,...,N} as

For the special cases H,. = P...7,. with 1,. 2 0 and H..
ij ij®ij ij i

state space, q? as the one-step expected reward, P?j the transition prob-
ability to state j and T? the expected holding time, when alternative k
is chosen in state i (cf. BELLMAN [1,2], BLACKWELL [3], HOWARD [9,101],
DE CANI [5], JEWELL [11], DENARDO & FOX [7], DENARDO [6], DERMAN [8],
SCHWEITZER [16,17,181]).

The solution to (1.1) and (1.2) is not unique, although g is uniquely

determined. The purpose of this paper is to characterize
N . e
V= {veE I v satisfies (1.2)}.

We show that V is a connected, though non-convex set whose members are

. * . * *
unique up to n constants, characterize n , and show that these n degrees
of freedom are locally rather than globally independent.

Our results generalize those obtained in ROMANOVSKY [15] where another
approach is followed for a special class of discrete time Markov Decision
Processes (MDP's).

Basically our methods involve the set of randomized policies. We first

study the sets S and SRMG of pure and randomized maximal-gain policies,

PMG
and characterize the set R* of states that are recurrent under some maximal




1in policy. In section 2 we give the notations and some preliminaries. In
iction 3 we characterize the sets SRMG and R". The properties of V are
:udied in section 4, while in section 5 the n” degrees of freedom are
\aracterized. Finally, in section 6 some remarks are made with respect

» a triangular decomposition of the set V.

. NOTATIONS AND PRELIMINARIES

A (stationary) randomized policy f is a tableau [fik] satisfying
k 2 0 and EkeK(i) fik = 1 for all i Ehﬂ. In the Markov decision model
K denotes the probability that the k  alternative is chosen when en-
ring state 1i.

We let SR denote the set of all randomized policies and SP the subset
all pure (non-randomized) poli;ies, i.e. for f ¢ Sp each fik =0or I.
r f e SP’ we use the notation f = (Bl""’BN) where Bi € K(i) denotes
e single alternative used in state i.

Associated with each f ¢ SR are N-component 'reward" vector q(f) and

olding time" vector T(f), and two matrices P(f) and H(f):

k k
q(f), = } £, .q:; T(£), = ) £, T.
1 oker(i) T T okeR(i) L
k k
P(f)..= ) f. P..; H(f),. = )} f. .H,..
1 per(i) 1] o wek(i) k1

te that P(f) is a stochastic matrix. For any f ¢ SR’ define the stochas-
c matrix I(f) as the Cesaro limit of the sequence {Pn(f)}:=I and define
e fundamental matrix Z(f) as [I - P(f) + H(f)]_l. These matrices always
ist and have the following properties (cf. [3],[12]):

1) M(£) = P(EIN(E) = M(E)P(E) = N(E)2 = M(E)Z(E) = Z(E)M(E)
.2) [I - P(£)1Z(£) = Z(£)[I = P(£)] = I - TI(£)
.3) Z(£) = T + lim ) a"[P(£)® - n(£)].

atl n=0

1ote by n(f) the number of subchains (closed, irreducible sets of states)




for P(f). Then:

nA(f) m m
(2.4) e, = ) ¢i(f)nj(f), 1 <ij <N
m=1

vhere nm(f) is the unique equilibrium distribution of P(f) on the mth sub-
*hain Cm(f), and ¢?(f) is the probability of absorbtion in Cm(f), starting
‘rom state i (cf. [6] and [18]). Observe J. 7 (£) = I and 7 (E)P(£) = " (£).

Let R(f) = {j | M(f).. > 0}, i.e. R(f) is the set of recurrent states
or P(f). Note that ¢m(f)J= P(f)¢m(f) for all m and that the vecotrs ¢m(f)
ire linearly independent. Since any solution to P(f)x = x satisfies
I(f)x = x and the rank of [I - NI(f)] is N = n(f), it easily follows that
‘he solution set of P(f)x = x is given by:

n(f)

'2.5) x= Y a ¢ (f)
m=1 T

7ith a "’an(f) arbitrary scalars.

1>
EMMA 2.1. Fix f € Sp» and let the vector b satisfy N(£f)b = 0. Then
I-P(f)Ix 2 b, implies x 2 Z(f)b + N(f)x, where in both inequalities the
qquality sign holds for each component i e R(f).

'ROOF . Multiplying [I - P(f)Ix 2 b by II(f) > 0, yields 0 = N(£f)[I - P(f)Ix =
: T(f)b = 0, implying that the former inequality is a strict equality for
.omponents i ¢ R(f). Using this and the fact that as a result of (2.3), for
¢ R(f), Z(f)ij > 0 for all i, with Z(f)ij = 0 when 1 ¢ R(f), we get the
.esired result by multiplying [I - P(f)Jx 2 b by Z(f) and invoking (2.2). [

EMMA 2.2. Let f ¢ Sg» and let CT(f) be any subchain of P(f). Take any

e C™(£) and any k € K(1) with fik > 0. Then there exists a pure policy h
uch that (a) hik = 1, (b) for every (j,r) hjr 1 only if fjr > 0,

¢) i belongs te a subchain C of P(h) which is contained within C (f) and
d) R(h) € R(f).

ROOF. Since C™(f) is closed for P(f), it is closed for any h meeting (b).

ow, let hi 1. If C(f) = {i}, condition (c) is satisfied. Otherwise,

k:




ot A initially be equal to {i}. Define & = CT(£)\A. Next the following

cep is performed:

Choose a state j € A and an alternmative r such that fjr > 0 and PEt >0
>r some t € A, transfer j from A to A, and define h. = 1. Clearly, such a
and r can be found, since all states in Cm(f) commi;icate under P(f). Re-
2at this step for the new A and A, until A is empty. This construction
1ows that under policy h, state i can be reached from any state in
E)\(i}. Together this and the fact that CT(f) is closed under P(h), im-
.y condition (c). Condition (d) trivially holds if @ = R(f). Otherwise,
:t T initially be equal to R(f) and define T = Q@ - I'. Choose a state

€ T and a path {t ..,tn} such that P(f)t2t2+1 >0 for & =0,...

0’t1’°

., — 1 and tn € I'. Such a path clearly exists, since t0 is transient

der P(f) and T 2 R(f). Transfer {tys...st |} from T to T and define for

)

_ . r
=0,...,n -1 htzr =1 for some r with ftlr >0 andet£t£+l > 0. Repeat
iis step until T is empty. Finally, for j € R(f) - C (f), define hjr = 1
T some r, with fjr > 0 and observe that condition (b) holds for all

e 2. This completes the proof. [

In the remainder of the paper, we assume that property P holds.

If f is any pure policy and c™(f) is any subchain of P(f), then
i e C"(f) implies H(E);; = 0 for j ¢ c™(£).

is property is satisfied for both the Markov Renewal Programs (MRP's)

th Hk. = PF. g. and the discrete time model with Hg. = §... Using the
1] 1j 1] 1] 1]
evious lemma, one easily verifies that if property P holds for all pure

licies, it holds for all randomized policies.

MMA 2.3. (Gain and Relative Value Vectors).

z £ e Sp. The general solution to the equations
.6) (a) g=P(fg, (b) v =q(f) - H(f)g + P(f)v
given by

n(f) m m
.7) g, = g(f), = mzl ¢, ()g (£),




with

gn(£) = <n"(£),q(£)>/<n"(£),T(£)>
and
n(f) n
(2.8) v, = Z(D)q(f) - H(f)g]; + mzl a ¢, (£),

with a],...,an(f) arbitrary scalars.
PROOF. Note that multiplication of (2.6)(b) by I(f) leads to :
(2.9) N(£)[q(f) - H(f)g] = 0.

Using property P, it follows from the proof of lemma 1 of [6] that g(f) is
the unique solution to (2.6)(a) and (2.9). Hence, any solution (g,v) to
(2.6) has g = g(f). Using (2.2) one next verifies by mere insertion that
(g=g(£),v=Z2(£f)[q(£)-H(£f)g(£)]) satisfy (2.6). Finally (2.8) follows from
(2.5), since (2.6)(b) is a linear system of equations with

Z(£)[q(f) - H(f)g(f)] as a particular solution. [

The unique solution g(f) to (2.6) will be called the gain rate vector,
and gm(f) the gain rate of the subchain Cm(f). A solution v to (2.6) will
be called a relative-value vector and denoted by v(f).

In the remainder, we will refer to the following example:

EXAMPLE 1. N = 4, K(1) = K(2) = {1}; R(3) = {1,2}; ng = §;; for all i,j,k.

: . k k k k k
Pir | Pi2 | Pis | Pis | 44
1 1 0 1 0 0 0
2 1 1 0 0 0 0
3 1 1 0 0 0 | qy%0
3 2 0 0 1 0 0
4 1 4 4 2 0 0
4 2 .8 .2 0 0 0




Using (3.1) and theorem 3.1, part (c) one verifies that

4

*

* * * * 1 * * * *
V={v €¢E I V) T Vo3 v, > qy + Vs v, = max[.8vl + .2v3, vl]}

bserve that V is non-convex. Note furthermore, that for f ¢ SRMG’ if £

akes unwise decisions in states in Q@ - R(f), then there do not necessarily
xist additive constants such that v(f) € V (cf. theorem 3 of [17] and our
heorem 4.1 part (b)). Take the above example with pure policy f# = (1,1,1,1)
ith P(f) unichained, and v(f) = (0 O q; .Zq;) +a(l 111) ¢V for any
hoice of the additive contant a.

In addition, we observe that the Policy Interation Algorithm (PIA)

cf. [5], [7], [11]) is not guaranteed to converge, if unwise choices for
he additive constants in (2.8) are made. Consider the above example with
; <o, £ = (1,1,2,1) and £2F = (1,1,2,2). Then v(£!) = A[1 1 0 .87 +
w0 01 .2] and v(f2) =v[l1 10 1]+ p[00 1 0], for arbitrary A,pu,v,p.
hoosing q; +A<u<iand p > v, f1 and f2 follow each other in the PIA.
>rtunately, PIA cycling can be prevented by preserving the old additive

onstant in a subchain, whenever the subchain is preserved (see also [20])

[I. PROPERTIES OF MAXIMAL GAIN POLICIES

We first introduce some notations. Define the maximal gain rate

3.1) g; = sup g(f),, i=1,...,N.
feSR

x any v € V, define

k _ k _ k = k _
by = ay L B + ] Prove - v,
J J
d
k *

b(v,f). = ]  b(v), = [q(f) - H(f)g + P(f)v - v].

1 . 1 1

keK(1i)

nce g(f) can be interpreted as the average reward of f for a MRP with
‘ansition probabilities Pij, one-step expected rewards q?, and holding
mes T?, we know from DERMAN [8] that there exists a pure policy that
tains the N suprema in (3.2) simultaneously. Hence gz = max g(f)i.

feSP




iccordingly define:

SPMG={feSPlg(f)=g}
ind
S ={f eS| gf) = g*}
RMg ~ ‘F € Pp | B =8 J.
'inally, let:
* *
w, = max Z(£f)[q(f) - H(f)g ]i.

feSPMG

'HEOREM 3.1. (Properties of Maximal-Gain Policies).

a) £ e Sy if and only if g = P(£)g" and T(£)[q(f) - H(f)g"] =

b) The functional equations (1.1) and (1.2) always have the solution
g = g*, v = w'. Hence V is non—-empty. Also, there exists a policy
f € Sy, ouch that w = Z(£)[q(f) - H(f)g"].

c) In any solution (g,v) of the functional equations (1.1) and (1.2)
g = g*, hence g and each L(i) <8 unique.

d) If £ <8 any policy, and if C is any subchain of P(f) then g; = constant,
i e C.

e) If v € V, then max, L(i)b(v)k = 0, for every i. Let f ¢ Sp-
(1) Suppose that k € L(1) for each (i,k) with f > 0 and that for

some v € V, b(v) = 0 for each (i,k) with i € R(f) and fik > 0.

Then £ € SRMG
(2) Comversely, if f € SRMG’ then for each i = 1,...,N fik > 0 Zmplies
k € L(i), and for i € R(E), £, > O implies b(v); = O for all

velV,

ROOF .

a) From the proof of lemma 2.3 we know that g(f) is the unique solution to
the equations g = P(f)g and (2.9).

b) Invoking the above mentioned interpretation of g*, we know from theorem
1 in DENARDO & FOX [7] that gz = max, Ej p?jgg. Consider the discrete
time decision model with R(i) = L(i) = {k | g* = J. pX.g%}, BX, = P¥,

X _ S R 5 A R & I &
and g - Z
1J J

Note that 1n this model, each policy has g(f) < 0. Moreover, it




c)

follows from part (a) that g(f) = 0 if and only if f ¢ Spmc* Hence the
discrete time model has §* = O and, with SPMG =

= {f € X§=] R(i) | g(f) = §* = 0}, we have:

max  Z(£)[q(f) - H(E)g"), = max z(H){q(f) - g7},.
feSPMG feSPMG
for i =1,...,N.
Use theorem 4 of [3] in order to prove the existence of a policy
f e SPMG for which w" = Z(£)[q(£f) - H(f)g*] as well as the fact that
* . .
w satisfies (1.2).
Fix a solution (g,v) to (1.1) and (1.2). Using property P, a minor
modification of the proof of lemma 4 of [7], shows that g > g(f) for
all £ € SP with equality for any £°, such that £, = 1 for some k

ik
maximizing (1.1) and (1.2). Hence g = g*.

d) Since g* satisfies (1.1), we have P(f)g* < g* for all f « SR' The as-

sertion then follows from lemma 2-a in [7].

e) The first result follows from the very definition of b(v)

(1) From the deflnltlon of b(v) i Ve have v, - 2 P(f)lJvJ =
q(f) - z H(f) g for i e R(f) Multlplylng this equatlon with
H(f) i and summlng over i, we obtain N(£f)[q(f) - H(f)g ] = 0. Use
this, and g = P(f)g in order to apply part (d).

(2) If £ € SRMG’ g P(f)g* follows from part (d). Hence fik > 0 im-
plies k € L(i) and b(v) < 0. So b(v,f) < 0, for any v € V. Since
we know from part (d) that N(f)b(v,f) = 0 for f € SRMG’ it follows
that for j ¢ R(£), b(v,£); = 0, i.e. £, > 0 implies b(v)? =0. O

Define next

3.2) R" = {i | i € R(f) for some policy f ¢ Seuc) *

The following theorem gives a characterization of this set, which

lays a basic part in the remainder of this paper.

IEOREM 3.2. (Characterization of R”).

1) R* = {i | i e R(f) for some f ¢ S

Me]

* .
)) The set {f e Spy. | R(f) = R"} 78 not empty.




. . * _ . . - p* *
‘c) Define n' = min{n(f) | £ € Spme WEth R(£) = R} and Spy

= {f ¢ SeMG | R(E) = R* and n(f) = n'}. Fix £ « S;MG' gny subchain

of any £ e Sp- is contained within a subchain of P(£7).
‘d) ALl £7 e S;MG have the same collection of subchains {R*a, o = l,...,n*}.
‘e) For any 1 < a <n”, g; = g*%(say) for all i e R™®.
(f) Let R(]),...,R(m) be disjoint sets of states such that

(1) Z2f C Zs a subchain of some £ € S then C & R(k) for some k,

RMG’
I £k € mg

(2) there exists a £ ¢ SeMC with m subchains {R(k)}:=].

Then m = n" and after renumbering R(a) = R*® for a = 1,...,n" .

PROOF .
(a) Fix a state i, and a f ¢ S

RMG such that i € R(f). Consider a policy h

satisfying the conditions (a), (b), (c) and (d) of lemma 2.2. Using

theorem 3.1. part (e), one verifies that h ¢ S , and i € R(h). Thus

PMG
the right-hand side of (a) is included in R* and the reversed inclusion
is immediate.

(b) Fix an enumeration fl,...,FM of S For any i ¢ R*, let

Ai ={r | ie R(f5)}. Consider tthgollowing equivalence relation on
C = {Cm(fr) | 1l <r <M:;1<m¢< n(fr)}:
Let C ~ C', if there exists {C(])=c,c(2),...,c(“)=c'} with
¢ ccana ¢ n D tgpfori=1,..n- 1.
Let £° satisfy: (1) {k [ f;k >0} = UreAi ik
(2) {k | f;k >0} = L(i) for i € & - R, Using theorem 3.1 part (e)

> 0} for i € R*;

e *
one verifies that £ ¢ SRMG'

Clearly, the equivalence classes are the subchains of P(£*) since
they are closed under P(f*) and since the states belonging to a same
equivalence class communicate with each other. Hence, R* = R(£7).

(c) Assume P(f) has a subchain Cm(f) that intersects say R*] and R*z. Then

. * % . ** * * %k
a policy £ = with {k | fik > 0} = {k | fik > 0} and {k | fik > 0} =

= {k | fik > 0} u {k | f;k > 0} otherwise, is maximal gain, has R(E) =
= R*, and its number of subchains is at most n - 1, since the states
of R*] and R*z communicate with each other under P(f**). This contra-

. . . . *
dicts the minimality of n .




d) For all £, " ¢ S;MG’ part (c) implies each c®(£¥) S some CB(f**),
Be*™) = ca(eh).
e) Combine part (d) with part (c) of theorem 3.1.

f) Apply property (l) to conclude R*a = R(k(a))
k(@) ¢ g*a g

and each C

. Apply part (c) and pro-
perty (2) to conclude R

EMARK 1. Note that as a result of part (f) of the above theorem, the poli-
y £* that was constructed in the proof of part (b), belongs to S . Veri-
y that the definition of £* implies any subchain of a maximal gain policy

o be contained in a subchain of P(f*).

A finite procedure for calculating R*, n*, the R** and a £* ¢ s* is

RMG
herefore as follows: use the PIA to find g and a v € V. Compute S (v) =
_ 1k e L(D) | b(v) 0} = {f € Sp | £ achieves the 2N maxima in (1.1)
nd (1 2)} s Part (a) of theorem 3.2 in combination with part (a) of

heorem 3.1 eszgglish R* = {i | ie R(E), £ ¢ SP(V)}. Determine R* > as the
quivalence classes of the set of subchains of policies belonging to SP(V)
cf. proof of theorem 3.1 part (b) and remark 1) Finally, define £* by
k| f > 0} = L(l) for i e Q - R , and {k | £, > 0} =

ik
{k € L(1) [ b(v) =0, Z CR*C P =1} for i € R (a=1,...,n*).

I. PROPERTIES OF V

Some basic properties of V are given by:

HEOREM 4.1. (Basic Properties of V).

a) V is closed an unbounded, as v € V implies v + all-+ azg* € V, for any
scalars a ,a, (where 1 is the N-vector with all coordinates unitary).

b) (Maximality of relative values.) For any v e V and f SpMG? it is
possible to choose the n(f) additive constants in v(f) such that

v’ > v(f) with equality for components in R(f).

c) (Cf. [21,0161.) v eV, if and only if

4.1) v. = max {Z(f)[q(f) - H(f)g*:li + I(£)v,} i=1,...,N.

i
feSPMG
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In addition, if v € V, then a policy f ¢ Some achieves all N maxima in
(4.1) 2f and only if it achieves the 2N maxima in (1.1) and (1.2).

PROOF .

(a) Immediate to verify.

(b) Choose in (2.8) a = <nm(f),v*>. From part (e) of theorem 3.1, it fol-
lows that {k | fik > 0} € L(i) for each i, hence v' o> q(f) - H(f)g* +
+ P(f)v", which implies, using (2.9), lemma 2.1, (2.4) and (2.8):

*
v

1\

Z(£)[q(f) - H(f)g*] + n(f)v* =

. n(f) o
Z(H)lq(f) - H(E)g 1+ | a ¢ (f) = v(f)
m=1

with equality for components in R(f). }
(c) First assume v ¢ V. In part (b) we proved that for any f ¢ SPMG’
v 2 Z(£)[q(f) - H(f)g*J + I(f)v, with strict equality for f ¢ SP(V).
Hence, v € V implies (4.1) and any policy achieving the 2N maxima in
(1.1) and (1.2) acheives all N maxima in (4.1).
Conversely, if v satisfies (4.1), we define:

4.2) V. = max [q% - Z H

k =* k
i ..g. + § Pijvj]’

keL(i) *+ j #3713
and show both v > v and v < v, hence v=velV.

PMG® fik = 1 implies k € L(i) by theorem 3.1 part (e);
hence, using (4.1), (2.2) and (2.9):

For any f € S

q(f) - H(E)g" + P(£)v > [I + P(£)Z(£)I[q(f) - H(E)g* ]+ T(£)v =

v

v

Z(£)[q(F) - H(£f)g"] + N(f)v, £ e Spue

This implies v > v. Let h denote a pure policy in X§=IL(i), achieving
all maxima in (4.2). Then:

4.3) v, < Gi = [q(h) - H(h)g" + P(h)vI;.

Multiply (4.3) with M(h) > 0 in order to get 0 < N(h)[q(h) - H(h)g"] < O,
the latter inequality following from (2.9) and g(h) < g*. Hence (4.3) is

an equality for i ¢ R(h), and so h € S by part (e) of theorem 3.1.

PMG’

BIBLIOTHETK MATHEMATISCH CENTRUM
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Using lemma 2.1, (4.3) implies v < Z(h)[q(h) - H(h)g*] + II(h)v. Insert
on the right-hand side of (4.2) and use N(h)[q(h) - H(h)g*] = 0, to

obtain:

[I + P(h)Z(h)I[q(h) - H(h)g*] + N(h)v =

IN

v

Z(h) [q(h) - H(h)g"] + M(h)v <

max {Z(£)[q(f) - H(f)g" ] + N(£)v} = v.

feSPMG

IN

Finally, if h € SPMG achieves the N maxima in (4.1), multiply the equal-

ity portion of this inequality with Z(h)_1 to show that it achieves the
N maxima in (1.2), as well as the N maxima in (1.1), since hik =1 im-
plies k € L(i). This completes the proof. [J

Since for f ¢ SRMG’ H(f)ij =0 if j ¢ R*, we have by part (c) of theo-
em 4.1 that v ¢ V if and only if

4.4) v, = max {Z(f)[q(f) - H(E)g" 1, + ¥ I(£)..v.}, ieR"
1 fes N jeR* 13
PMG
/ _ _ * . *
4.5) v, = f:?x {Z(£)[q(f) - H(f)g ]i + jJ%* H(f)ijvj}. ie Q\R .
PMG

bserve that (4.4) involves only (ViliER*) and can be studied in isolation.

1e (vilieQ\R*) are uniquely determined via (4.5), for any (vilieR*). De-

ine now

, R . ok . . *

4.6) vV = {(ViIIER )H A satisfy (4.4) for all i ¢ R},

iEOREM 4.2.

1)

+.7) V= (v, |ieR"); v, 2 2(E)[q(E) - H(E)g™1, + § 1(E)..v., for
i > Ui i * ij 3’

jeR

all i e R, £ ¢S }.
PMG

Hence, v 18 a closed, convex polyhedral set.

)) V 18 connected.
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PROOF .

(a) Clearly, VR is contained within the polyhedron, that is defined in the

right side of (4.7). Conversely fix i eR* and heS$S with i eR(h).

Then, by multiplying the inequalities in (4.7) withg(h) 20, we obtain
v, = Z(h)[q(h) - H(h)g" I+ 2 g+ T(h), ;jV43 hence (4.4) holds.

(b) The assertion follows by show1ng that for any v, v e V, the curve
{v()) | A € [0,1]} with parameter representation: V(A)i = Avi + (I—A)Gi,
i ¢ R" and v(A); = max_ Spqe LZ(EVLACE) - H(E)g™ 1, + Ligr 1O ;9005
connects v w1th vV, lies w1th1n V¥ as a consequence of (4 5) and part

(a), and is continuous, since all its components are continuous func-

tions of A. 0O

We already saw that V may not be convex. The following theorem gives

1 necessary and sufficient condition for the convexity of V.

[HEOREM 4.3. V Zs comvex if and only if for each i € Q - R* there exists an
1lternative k(i) € L(i), such that for all v € V:

(4.8) v, = B _y k(D) * +z k(l)

i i ] 1J j

Yoreover, V 18 comvex if and only if it is a polyhedron.

PROOF. We first observe that for any i ¢ R*, there is a h € SPMG’ with
i € R(h), hence by part (e) of theorem 3.1 there exists an alternative
«(i) € L() with b)) =
i e R". Suppose it holds for i € @ - R” as well. Then the functional equa-
tions are equivalent to the linear (in)equalities b(v)i(i)

.,N and b(v)? <0 for k e L(i)\{k(i)} and i = 1,...,N. Hence V is a con~-

0, for any v € V. Thus (4.8) always holds for

=0 fori=1,...

7ex polyhedron.

Conversely, suppose V is convex. Assume to the contrary that there

(m),
(m)

. . * . . .
2xists a state 1 € @ = R and a finite set of v s in V, such that no

¢ € L(1) achieves the maximum in (1.2) for all v . However, since V 1is

ronvex, it is immediate to verify that a k ¢ L(i) achieving the maximum

(m),

in (1.2) for a positive convex combination v of the v s, achieves the

m g

naximum in (1.2) for each v




EMARK 2. (4.8), hence convexity of V is trivially met if either

1) R” = 2, (2) L(i) is a singleton for each i € Q - R*, or

3) there is only one maximal gain policy.

n addition n” = 1 is sufficient for the convexity of V as well. This fol-
ows by considering a £5 € SRMG By theorem 4.2 part (b), we obtain that for
ach v € V, there exists a relative value vector v(f*) such that v, v(f ). i
e R”. P(f ) being unichained, it follows that v(f ) is unique up to a mul—

iple-of 1, hence (VilleR ) is unique up to an additive constant. Using (4.5),

e conclude that v € V is unique up to a multiple of 1.

i
o2}

. . . . s k
For discrete time Markovian decision processes, where Hij i’ the

alue-iteration equations take the form:

4.9) v(n+1§_= max {q? + Z P?.v(n)j},
keK(i) j 4
ith v(0) a given vector.

It is well known that {v(n) - ng*}:=1 may fail to converge. In a
>rthcoming paper [19] it will be shown that there exists an integer J
ich that

uir) = lim {v(nJ+r) - (nJ+r)g;}

n>«

(r+d) _ gr) (previous proofs in [4] and [13] are

¢ists for all i, with us i

»th incorrect).

Accordlngly, define v as the Cesaro-limit of the sequence {v(n) - ng }
tample 1 with q3 0 and v(0) = [1 0 1 .6] shows that in general v ¢ V
r(2n)l 3 v(2n+1)l=0; v(2n)2=0; v(2n+1)2=1; v(n)3=1; v(2n)4= 8
£.5 .51 .71 £ V).

The relation between v and V is as follows:

IEOREM 4.4.
1) {Gi | i € R*} ¢ R,
') There exists a vector v e V, such that v < v with equality for components

. *
wim R .

, . . (r+]) k * k (r)
\00F. Note that for all i € Q: XkeK(l) - g ¥ zj 1393 },

nce for all n sufficiently 1arge the maximizing alternatlves in (4.9) be-
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long to L(i) as observed in [4] and [13].

Since v = %—Xg;é u(r), we obtain by averaging over r = 0,...,J = 1:
v, 2 qk - 8T + z PF-G i=1,,.,,N and k € K(i).
i 1 1 j 1] j’ 3

lake any f €S to obtain: v = q(f) -g*-+P(f)§, and hence, using lemma 2.1l:

PMG
Z(£)[q(f) - g1 + N(£)V, with equality for i e R(f). This implies:

NN
v

> maxe o c {Z(£)[q(£f) - g*] + N(f)v} with equality for components in R*.
PMI _

Jsing (4.4) and (4.5) we obtain that the vector v defined by (1) v, =V,

. * _ - *

i e R" and (2) v, = maxfeSpMG {Z(£)[q(£) g ]i + zjeR* H(f)ijvj} for

- . .ok
LeQ - R*, belongs to V with v £ v and equality for components in R . [J

/. THE n* DEGREES OF FREEDOM IN V

In this section we show that the convex polyhedral set VR has dimen-
sion n* and that its elements, and hence V, are fully determined by n"
)arameters (yl,...,yn*).

ROMANOVSKY [15] obtained the same result for the functional equations
‘hat arise in discrete time Markov models with.g* = <g*>l: In addition, as
wur methods involve the chain structure, a fuller characterization of the
)arameter space is possible. ,

The key observation is that any two vectors v,; € V have the property:
;i -V, = constant = Yy for i € R*a, a = l,...,n*.

By fixing v° € V and picking these n” constants, one thus determines
:;ilieR*) and hence v by (4.5) in terms of v° . Hence, by fixing vo, and
iweeping out all permitted values of y, we sweep out all vectors v in V. In
iarticular (5.1) below shows that v is a convex piecewise linear function

n v,

HEOREM 5.1. Let v € V. The following are equivalent:
a) v+xeV

_ k k .
b) X, = maxkeL(i) [b(v)i + zj Pijxj]’ i=1,...,N
c) X, = max [Z(f)b(v,£) + H(f)x]i, i=1,...,N

feSpMme




d) there are n* constants y = (yl,...,yn*) satisfying

Yy ie R*a, o = l,...,n*
5.1) X, = n*
max [Z(f)b(v,f). + 3 ( ) H(f)..)y ], ieq \R"
1 2 s xR 11/)°8
feSPMG B=1 “jeR
*
n
5.2 > Z(£)b(v,£f), + ( Hf..),
) Yy 2 Z(E)b(v,f), BZI de{*B (£);5 )9,

* . *Q
o= 1l,...,n 31 e R, f ¢ SPMG'

ROOF .,

a) «> (b): b is the requirement that v + x ¢ V.

a) e (c): Cf. (4.1) and the definition of b(v,f).

a) & (d): Take f* € s;MG' As v,v + x € V, we have from part (e) of theo-
rem 3.1: v, = [q(f*) - H(f*)g* + P(f*)v]i and
(vix), = [q(£™) = H(ED)g™ + P(f*)(v+x)]i for all i € R* = R(£¥).
Subtraction yields: X, = CP(f*)x]i = [H(f*)x]i = <na(f*),x>
for i € R*a, which proves the first part of (5.1). Moreover,
this implies the remainder of (d), using (4.4) and (4.5) and
the definition of b(v,f).

d) < (a): Use (4.4), (4.5) and the definition of b(v,f). [

Fix v € V. Define the set of allowed constants

*

Y(v) = {y ¢ E® | v satisfies (5.2)}.

he following theorem is obvious from the definition of Y(v), theorem 4.1
art (a) and the fact that:

5.3) Z(£)b(v,f) <0 for all £ ﬁ'SPMG'
5.3) follows from lemma 2.1, with x = 0, using b(v,f) < 0 and N(f)b(v,f) =
0 (cf. theorem 3.1 part (d) and (e)).

AEOREM 5.2. For any v ¢ V, Y(v) Zs a closed, comvex polyhedral set con-
aining y = 0, (Z.e. Ay e V, for X € [0,1] if y € Y(v)).
Furthermore, Y(v) 18 unbounded as [yaJ € Y(v), implies

Tyt eyt czg*a] € Y(v), for any scalars c,sc

o 2°
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Clearly, by (5.3), (5.2) is automatically satisfied for (a,i,f) with
:jeR*“ H(f)ij = 1. We accordingly define:

*

K(a) = {(i,f) | i e R™, £ s H(f)ij <1}, a=1,...,0,

)
PG jeR*a

ind make the partition {l,2,...,n*} = E u F, where
i={a| K(a) = 8}, F = {a | K(a) # 0},
For £ = (i,f) € i(a), define

~E 3
= [Z(£)b(v,£)]., and P> = n(f)...
qa 1 aB jeg{:*s ( )1J
~ * o~ ~ ~
lote that qi <0, PEB > 0, Eg=1 PEB =1, Pia < 1 for all a € F, and £ ¢ K(a).

’hen Y(v) consists of all y € gn” satisfying

*

(5.4) y. = ag + 2 55 oeF, £ e K(a).

ap¥p’
The following theorem expresses that (yalaeE) are fully independent

legrees of freedom:

[HEOREM 5.3.

(a) Let (yalaeE) be arbitrary. Then (Ya|“€F) can be found such that y e Y(v).

(b) If y € Y(v), then after arbitrary decreases in any of the Yor @ € Es ¥
i8 still in Y(v).

PROOF .

(a) Take Yo = maxBeE Yg»
(b) The inequalities (5.4) are either unaffected or strengthened by de-

o e F.

creasing (yalaeE). 0

A ray for the solution set to a set of linear inequalities is a solu-
tion to the corresponding homogeneous set of inequalities (cf. [22]). The

rays to Y(v) are therefore the solutionms (y],...,yn*) to:

z OLBYB’ o € F, £ € E(a).




Define U as the set of rays to Y(v) and remark that U is independent

f v, since F, K(a), PEB

he following important and easily verified properties:

are. Since U is the set of rays to Y(v), it has

v
o

a) if u,8d € U, then cu+ czﬁ el for all s

c

2

b) if v e V, y € Y(v) and u € U, then y + cu ¢ Y(v) for allc 2 0
EMARK 3. Theorem 5.3 applies to U as well as to Y(v).

Note from theorem 5.2 and theorem 5.3 that the vectors u with u = cg*a

nd u, with ua =c¢, a € F and ua £ c¢c; a € E are members of U, for any sca-

&

c. Additional properties of U are discussed in theorem 5.4 and section 6.

In order to show that Y(v) is an n -dimensional polyhedral set, we need

he following discrete time Markovian model with state space {1,... ,n*}’

or o € F, let K(a) be the set of feasible decision., For & ¢ K(a), let qg

nd P ~2B denote the associated reward and transition probabilities (we al-
g3
d d that P 20, P =1
eady note af XB B ). . "
or a ¢ E, add a decision £, to the empty K(a) with q° = -1 and P % = Gas.

et & denote the set of pure policies.

or ¢ ¢ &, the quantities H(¢), §(¢), ﬁ(¢) and Z(¢) are defined analogously
o q(£), P(F), N(f) and Z(f) for £f ¢ SP'
lso let {§;} be the maximal gain vector for the new process. Note that
(¢) < 0 for any ¢ € ¢. The following theorem characterizes the subchains

£ §(¢) on F:

HEOREM 5.4. (Properties of subchains of P(¢) on F).

ix v € V. Suppose for some policy ¢ € 9, P(¢) has a subchain C S F. Then
a) C has at least two members.

b) H(q))a is strictly negative for at least one o € C.

c) There exists a bound M = M(v) such that

max |y -y, | <M for any y € Y(v).
a B
o,BeC

1) If vy i8 a ray to Y(v) then §a = §B, for all o,B8 € C.
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rt (a) follows from §€
oo

<1 for any a € F, and £ «¢ E(a).
t policy ¢ use action (i(a),f(a)) € K(a) for each o € C. For a € C,
fine S(a) = {j | P(f(a)?(a)j > 0, for some n = 0,1,2,...}. Note that

a) € S(o) and that:
a € C, i € S(a) imply P(f(a))ij > 0 only if j € S(a).

w, assume to the contrary that for each a ¢ C, 0 = a(¢)u =
Z(£(a))b(v,f(a)). i) Since f(a) € SPMG’ b(v,f(a)) < 0 with equallty
r components in R(f(a)). Hence, using (2.3), 0 = q(¢)

Liere@n) PV E@)5 = Limscary Lamo “"f‘“)”um"""’f(“”j'

nce:

b(v,f(a))j =0 for j € S(a), a € C.

now exhibit a policy £° € SRMG with the contradictory properties
at R% = u__. [R™
R® is transient for P(f°).
Take = s;MG’ Define £° as follows:
itially, for i e R" set {k | fok >0} = {k | f;k > 0}. Then for
¢ S(a) add {k | £(a);, > 0} to {k | £, > 0}. Finally, for i e 2 \ &°,
t {k | fik > 0} = {k e L(i) | b(v) = 0}.
From (5.7) the definition of f* in combination with theorem 3.1

rt (e), and the definition of £° on © \ R® it follows that f.. > 0

U S(a)] is closed under P(fo) while every state

plies b(v)k = 0, for all i, hence £ ¢ SRMG H
For i ¢ R°, (5.6) and the fact that f* SRMG imply that
EO)ij > 0 only for j € R%; hence, R® is closed under P(f°).
As z 3 gR* N(E(a)). i(0)] 0, there exist a j ¢ R*a, and an integer

21, w1th P(f(a)) ( )i > 0 and so P(f ) ()] > 0, Hence i(a) € R ® is
ansient under P(f ), since the subchains of a maximal gain policy are
1 contained within a single R *8 (cf. theorem 3.2 part (c)).

Now, observe that for each o ¢ C, all states in R™® communicate
th 1i(a) € R*® for P(fo), since they communicate with i(a) for P(f*).
vever, this implies that each state in v R™ is transient, since a

aeC
ansient state cannot be reached from a recurrent state.




It remains to prove that each j € S(a), (aeC), is transient for P(£°).
Fix j € S(a), a € C. Since f(0) is maximal gain, there is a state r eR*%
for some B, such that P(f(a))?r > 0, for some m > 1, Hence P(fo)?r > 0.

Let n be such that P(f(a))?(a)j > 0. Finally B ¢ C, follows from

P(8) 4 = T(E(@)) (30

[P(f(a))“ﬂ(f(a))]i(a)r >

v

n
P(f(oc))i(a)j II(f(cc))J-r >0

and the fact that C is a subchain of P(¢). This implies that r is tran-
sient for P(fo) and so is j, since a transient state cannot be reached
from a recurrent state.

c) Introduce a slack vector t 2 0 and rewrite (5.4) as:
5.8) y = q(¢) + t + P(¢)y.

Let {ﬁc(¢)a | o € C} denote the unique equilibrium distribution of P(¢)
on C, Multiply (5.8) with Z(¢). Then, since Z(¢)BY =0for BeC, vy ¢ C
(cf. (2.3)): '

g = L Z(e)g (a(9) #t ) + ]

() v, all B ¢ C
veC veC vy

Part (c) follows with the choice M==2nmxsec{zaecIZ(¢)Ba![Iq(¢)ul-+ta]}
provided one shows that [ta | @ € €] are bounded uniformly in y. How-

ever, by multiplying (5.7) with ﬁc(¢) one obtains:

-7 @) 30, = T 7%0).t,.
BeC 8 B BeC B8

The boundedness of [tB I B € C] follows since 'TTC(q))B >0 for B € C.
.) Use part (¢) and (5.5). 0O

Together part (b) of theorem 5.4 and the choice Eio = -1, for a € E
ply:

ROLLARY 5.1. g: <0fora=1,...,0.

1
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HEOREM 5.5. (Cf. theorem 3 of [151.) Fix v € V. Given any {y_ | o € E}
a € F} such that

here exist {ya

*
n ~
5.9) vy >§ + ) B for all a € F, £ € K(a)

(2
Yas
o o g=1 aB’B

wlds with strict inequality.

ROOF. It suffices to show that there exists a solution y° to (5.9) for some
yz | o ¢ E} since a solution for any {ya | o € E} is then obtained by add-

ng a ray u with u =Y, " yz, for o« ¢ E (cf, remark 3).

Since Hao = -1 and §ag =1, for a € E, the solution set to (5.9) is

3 . . o ~g * NE
10t altered by adding the inequalities Yy > qa0 + z§=1 Pa%yB

issume to the contrary, that the solution set of (5.9) is empty. Then for

» o € E, Now,

:he LP-problem:

min Z subject to
n
& o~E * ~
Vo * Z > q, * BZ] PaByB’ a=1l,...,0 3 & € K(a),

7e have min Z 2 0, which according to theorem 2 of [14], implies

Bxa=l,...,n* §; 2 0. This contradicts corollary 5.1. [

Since the solutionset to (5.9) is open, for any y satisfying (5.9), there
xists a § > 0, so that |y - y'| < 6§ implies y' ¢ Y(v). Hence the n" para-
leters (y],...,yn*) may be chosen independently over some (finite) region.
" and V} have exactly n” = IE u Fl degrees of freedom, of which IEl are

lobally independent and IFl are only locally independent.

I. TRIANGULAR DECOMPOSITION OF Y(v)

Define the following partition of F:

b {a ¢ F | for every ¢ ¢ ¢, a reaches E with certainty under §(¢)}
b= f(aeF | o is transient under any P(¢), ¢ € &, but o ¢ Fz}
T = {acF | a is recurrent for some §(¢), d e o},
ote that ), _g P° =1 for a e Fl, £ e K(a).
BeF*UE "aB




The set of
6.1) y. 2 F'c‘fg + ) 5 y ]
* L™ gey(F\rt) BB
. N
6.2) y. o 21q + Z P’y ] + )
o | o BeE oB’B Bng
[ £ 5E
6.3) y 2 + P y]
© L0 gemy(rver) °F7F

+

P

+

5€
Beth PaByB ’

3€

ap?p?

862]:3‘1' Pasys’

inequalities (5.2) then decouples into 3 parts:

aeFS, £ e R(a)
o e FY, £ e R(a)

a € Fr, £ € E(a).

he above decomposition implies that the following vectors belong to U:

with

3

= c a € E; u =
o 1° > Yo

Cys O € FQ; u, = ¢35 0 € Ft u Fr; for all C1sCysC
<c¢c. <c

| ) 3+ For ¢ € ¢, let W(p) = [P(¢)asja,BeF£uFt'

Then W(¢) is a substochastic transient matrix, with lim W(q>)n =0

1

nd [I - W($)] = Z:=0 W(¢)n exists and is non-negative. Then, taking to-

ether (6.1) and (6.2) and using the proof of lemma 1 of [7], we obtain:

6.4) y 2 max

_] ~
[I-W)I, [q(¢), + 7§
bed BeruFt aB B

P(¢), v 1,
YeEUFTY By™y

o € Ft U Fl.

nsert (6.4) into (6.3) in order to obtain:

6.5) y. 2

gt pEs0 all a e F', £ € K(a), ¢ € o,

BeEort °8 78’
here

absd _ ~E % )EE

q =q
* ®  geptypt *B ve

-1 ~
I - W(e)
;%uFt C (413, a(e),

5550 _ 38 SE -1 3
p>°" =P’ + P (I -WwW()I o P() .
o8 op YeF;UFt %Y 5€F§UFt Y6 68
. ~E50 359 : 5859 _
>tice that q;° " = 0, and PaB 2 0 with ZBeEuFr PaB =1,

Observe that (6.5) relates {ya | o € FT} to {y, | @ € E}, and remark
1at (6.5) always has a solution {ya | o e F'} no matter how {ya | o ¢ E}

re specified (take y, = max for all o ¢ FY).

BeE YB?
iEOREM 6.1, Fix v ¢ V.

1) If y € Y(v), Z.e. if y satisfies (6.1), (6.2), (6.3) it satisfies (6.5)
as well.




b) Comversely, if one picks {y | o € E} arbitrarily, next picks
{ya | o € F'} to satisfy (6.5), next defines {ya | o« Ft oy F
right-hand side of (6.4), then the resulting vector {y_ | o e
satisfies (6.1), (6.2), (6.3), hence belongs to Y(v).

’Yart (a) follows from the above remarks.
:b) Observe that the right-hand side of (6.4) may be interpreted a
maximal total expected return of a terminating discrete-time M

model, with Ft U F2 as state space. Because of the choice:

(6.6) y, = max ) [I—W(¢)] [q(q>)B y P(¢)

y
bed BeFRUFEt yeEUFT By

for o €

it hence follows from corollary 2 of [21] that v, = E(¢)a +
+ ZBeEuFr §(¢)GBYB + EBeFtUFQ W(¢)a6y8’ a e Fl. Hence, the vec
satisfies (6.1) and (6.2)

In addition, using corollary 1 of [21], it follows that t
exists a ¢* € ¢ that maximizes the right-hand side of (6.6) si
neously for all a € Fb oy Fz, given any {ya | @ € Ev F'}. Cons
inequalities (6.5) for ¢ = ¢*, and use (6.6) in order to show

vector y satisfies (6.3) as well. [

{EMARK 4. This provides a triangular decomposition in that ome fir
1ines {ya | o € E}, next {ya | o € F'} and finally {ya | o € FL oy
last part can actually be decomposed further, by first determining

v, | o e Fz} and then determining {ya | o ¢ F'} via

max [1-w<¢)1 [q(¢) ) P(¢)

y =

o bed BeFR YeE
y =max ) [I-W()" J 5 [2(0) y B(¢)

®  ped BeFt 8" y€eEUF %UFT By"Y

there the transient matrices W(¢)2 and W(¢)t are defined by:

W)t = (5(e) W) = [B(s)

aB 'R BeFA? aB a,BeFt”®
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Example 2 below has N = 7, gz =0, L(1) = K(i) for all i

‘= Uz=1 R*' with R™ = {i}, i.e. 0" =7
={a=1}; FF={a=4}; F'={a=7}; F° ={a=2,3,5,6}.
is the solution set to the following decomposed set of inequaliti
= 1: v, arbitrary
2
= 4: v, 2 qg + v,
=7: vZ 2 q7 + .5(V1+v2)
=(2’3):q2_v%!v?’$‘z‘q§ 3 2 3 2
= (5,6): Vg 2 q2 * Ves dg * qp + .5(v1+V§), dg ; Qg + .qu + .r(v
3
Ve 2 dg * Vs, q2 + -5(v]+v2), qg *+ .5q5 + .5(v]+v2).
Example 2
i Kk k k k k k k k k
9i  Piy Pjp  Pij3  Pjs  Pis  Pig  Pyy
1 1 0 1
2 1 0 1 0
2 0 0 1
3 1 0 0 1
2 0 1 0
4 1 0 1
2 0 1
5 1 0 1 0
2 0 0 1
6 1 0 0 1
2 0 1 0
3 0 .5 5
7 1 0 1
2 0 5 .5

k
sent pij are zero.
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